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∗
The Rarita-Shwinger equation in a urved bakground and an external eletromagneti eld
is disussed. We analyse the equation in the 2-omponent spinor formalism and derive Buhdahl
onditions for them. The result is that the equation an onsistently be imposed only on Einstein
manifolds with vanishing eletromagneti eld.
I. INTRODUCTION
The Rarita-Shwinger equation [1℄ has a number of peuliar properties. In the massless ase the equation an be
regarded as one of Dira's relativisti wave equations [2℄ for partiles with spin 3/2. Fierz [3, 4℄ had pointed out
that there exist hierarhies of suh equations whih desribe the same one-partile states. One an move within the
hierarhy by taking appropriate derivatives. In this sense the Rarita-Shwinger eld is related to the usual zero rest
mass eld equation for spin 3/2 [5℄ by one derivative. Fierz also observed that in general the solutions of these equations
are not unique but only dened up to `gauge solutions' whih do not ontribute to the energy and angular-momentum
expressions onstruted from the elds. This is the ase also for the massless Rarita-Shwinger eld.
A solution of the massless Rarita-Shwinger equation gives rise to suh a `potential modulo gauge' desription of a
spin 3/2 eld in lose analogy to the Maxwell (i.e. the spin 1) ase, where the eletromagneti eld an be obtained
from a potential whih itself satises but is not ompletely determined by a eld equation. There is still a gauge
freedom present whih must be xed before the potential an be uniquely determined by its eld equation.
While the (diret) formulation for a spin 3/2 eld in terms of the onventional zero rest mass equation beomes
inonsistent in any onformally urved spae-time (see e.g. [5℄) this is not so for the `potential modulo gauge' desrip-
tion. Here again there are onsisteny onditions to be satised but in this ase they involve only the Rii tensor.
This is a remarkable fat beause the Rarita-Shwinger equation seems to be the only system of spinor equations
where only the Rii tensor appears in the obstrution to onsisteny. Thus, the vauum Einstein equations an be
onsidered as being `integrability onditions' for the massless Rarita-Shwinger equation. This observation has been
one motivation for an attempt to reonile twistor theory with arbitrary (vauum) spae-times [6℄. It also plays a
fundamental role in the theory of super-gravity.
The massive ase has been studied by various authors, in partiular, by Velo and Zwanziger [7℄ who disuss the
massive Rarita-Shwinger eld oupled to an external eletromagneti eld and by Madore [8℄ who in addition oupled
the eld to a linearized gravitational eld. Their result is that in these irumstanes the Rarita-Shwinger eld seems
to propagate aausally in the sense that the harateristis of the equation beome spae-like so that information
about the eld onguration an travel at speeds larger than the speed of light. This eet has been termed the
`Velo-Zwanziger phenomenon'.
In this paper we oer a new analysis of the massive Rarita-Shwinger equations on a urved bakground in an
exterior eletromagneti eld. The plan of the paper is as follows: in set. II we rst translate the equations into the
2-omponent spinor formalism deomposing elds and equations into irreduible parts. Then, in set. III we derive the
3+1 deomposition of these equations in the speial ase of at Minkowski spae-time and vanishing eletromagneti
eld using the spae-spinor formalism. We show that the elds are neessarily undetermined. While in the massless
ase the indeterminay an be irumvented this is no longer true in the massive ase. Furthermore, in set. IV we
derive Buhdahl onditions for the equations whih show that onsisteny of the equations holds only in Einstein
spaes with no eletromagneti eld. This is in ontrast to the earlier results beause it implies that there is no
Velo-Zwanziger phenomenon beause one annot ouple the eld onsistently to a eletromagneti eld in the rst
plae.
∗
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2II. TRANSLATION TO 2-COMPONENT SPINORS
The Rarita-Shwinger equation [1℄ in an external eletromagneti eld was formulated in [7℄ in terms of Dira
spinors:
(i Γ · ∇ −B)
a
dψd = 0. (1)
Here, ψd is a 1-form taking values in a `harged bundle' of Dira spinors over spae-timeM. This is the usual Dira
bundle equipped with an ation of the group U(1). Correspondingly, the spae-time onnetion, denoted by Da, is
promoted to a `harged onnetion' ∇a by `minimal oupling', ∇a = Da − i eAa. In (1) the dierential operator is
given by the term
i Γ · ∇ = i γ5εabcd∇cγb. (2)
In order to derive and disuss the onsisteny onditions for this equation it is useful to translate it rst into the
formalism of 2-omponent spinors as presented in [5℄. Note that we use these onventions throughout the paper.
We represent the Dira spinor valued 1-form ψd as
ψd =
(
φDD′S
χDD′S′
)
. (3)
The Dira matries are represented in the form given in [5℄ as[12℄
γa =
√
2
(
0 εARεA′
S
′
εA′R′εA
S 0
)
, γ5 =
( −i εRS 0
0 i εR′
S
′
)
. (4)
The mass term in (1) is given by B = Ba
d = mγa
b
where γab are the matries
γab =
1
2 (γaγb − γbγa) . (5)
Represented in terms of 2-omponent spinors these matries read
γab = 2
(
εA′B′εR(AεB)
S 0
0 εABεR′(A′εB′)
S
′
)
. (6)
Inserting these representations into (1) we obtain after some alulation the system of equations
∇AB′χBA′B
′ −∇BA′χAB′B
′
= mφA′AB,
∇BA′φB′AB −∇AB′φA′BB = mχAA′B′ .
Note, that in the ase m = 0 the two equations deouple. If we assume for the moment that the spae-time is
Minkowski spae and that there is no eletromagneti eld present then it is obvious that there is an arbitrariness
in these equations. We are free to replae χAA′B′ and φAA′B with χAA′B′ + ∇AA′χB′ and φAA′B + ∇AA′φB for
arbitrary spinor elds χB′ and φB without hanging the equations. Thus, whenever χAA′B′ and φAA′B are solutions
then so are χAA′B′ +∇AA′χB′ and φAA′B +∇AA′φB. This is a well-known property of the massless Rarita-Shwinger
equations [2, 3, 6, 9℄. It implies that a solution of the equations for m = 0 an be determined only up to gauge
transformations of the above form and the equations an be regarded as determining a spin 3/2 eld in a `potential
modulo gauge' desription.
In the ase m 6= 0 the same replaement does not yield a new solution beause now the equations imply that χB′
has to be ovariantly onstant. So in this ase there is no notion of a eld being given by a potential modulo gauge
desription.
The nal step in rewriting the Rarita-Shwinger equation is to deompose the elds and the equations into irreduible
parts. Thus, we write
φAA′B = σA′AB + εAB σA′
χAA′B′ = τAA′B′ + εA′B′ τA
3where now the elds σAA′B and τAA′B′ are symmetri in their last pair of indies. Then we obtain the following
system of spinor equations
∇B′(AτB)A′B
′ −∇A′(AτB) = mσA′AB, (7)
∇BB′τBB
′
A′ + 3∇BA′τB = −6mσA′ , (8)
∇B(A′σB′)AB −∇A(A′σB′) = mτAA′B′ , (9)
∇BB′σB
′
B
A + 3∇AB′σB
′
= −6mτA. (10)
This is the set of equations we will analyse in the following setions.
III. 3 + 1 DECOMPOSITION
In order to nd the basi propagation properties of this system of equations we need to perform a 3+ 1-splitting of
the system. This is done as usual using the spae-spinor formalism [10℄. To this end we x a timelike vetoreld tAA
′
,
normalised by tat
a = 2, so that tAA′t
BA
′
= εA
B
. We use this vetoreld to `onvert the primed indies to unprimed
ones'. Thus, for instane, we write the eld τAA′B′ as
tA
′
C t
B
′
B τAA′B′ = tABC + 2εA(CtB) (11)
where tABC is totally symmetri in all its indies. Similarly, the eld σA′AB yields two irreduible parts sABC and sA
and we set σA = σA′t
A
′
A. The derivative operator ∇AA′ an be written in the form
∇AA′ = tAA′∂ − tCA′∂AC ⇐⇒ tA
′
B ∇AA′ = εAB∂ + ∂AB.
It is enough for our purposes to assume that the underlying spae-time is Minkowski spae and that there is no
eletromagneti eld present. Then we an arrange for the time-like vetor eld ta to be ovariantly onstant. This
has the onsequene that all derivatives of the vetor eld vanish and that the dierential operators ∂ and ∂AB
ommute.
Inserting these deompositions into (710) yields six equations whih we group into four evolution equations
∂tABC + ∂(A
DtBC)D − ∂(AB
(
tC) − τC)
)
= −msABC , (12)
∂ (tA + τA)− 13∂AB
(
tB + τB
)− 23∂AB (tB − τB) = m (sA − σA) , (13)
∂sABC − ∂(ADsBC)D + ∂(AB
(
sC) − σC)
)
= −mtABC , (14)
∂ (sA + σA) +
1
3∂AB
(
sB + σB
)
+ 23∂AB
(
sB − σB) = m (tA − τA) (15)
and two onstraint equations
0 = TA ≡ ∂BCtBCA + 2∂AB
(
tB + τB
)
+ 3m (σA + sA) . (16)
0 = SA ≡ ∂BCsBCA + 2∂AB
(
sB + σB
)− 3m (tA + τA) . (17)
Now we an see the peuliar behaviour of this system:
• We only get propagation equations for the sums tA+ τA and sA+σA while the dierenes tA− τA and sA−σA
do not evolve. Sine they are not present in the onstraints either we onlude that they are not determined by
the system.
• The evolution equations are symmetri hyperboli whih is easily veried. The harateristis for the rst
equation are the light one and a timelike one in the interior of the light one, whih is also the harateristi
for the seond equation. Therefore, for any values of the dierene elds the Cauhy problem for the evolution
equations is well-posed. Note, that if we would impose the ondition that the dierene elds should be linearly
dependent on the sum of the elds then we an hange the harateristis of the system in an almost arbitrary
way. However, this should be taken as an additional hint that the dierene of the elds is in a sense an
unphysial feature of the equations.
• In the ase m = 0 the equations deouple into two sets onsisting of two evolution equations and one onstraint
eah. Let us onsider the three equations (12),(13) and (16). Here again, the dierene tA−τA is not determined
by the equations. The gauge transformation mentioned in set. II now translate into the transformations
tABC 7→ tABC + ∂(ABχC), tA 7→ tA − 32∂χA + 12∂ABχB, τA 7→ −τA − ∂χA + ∂ACχC .
4One an use this gauge transformation to make τA = 0 (so that the original eld χAA′B′ is symmetri in its
primed indies). This yields a system of two evolution equations and one onstraint equation whih has a well-
posed Cauhy problem (see e.g. [11℄). In this way the indeterminay in the system an be irumvented and
one an still make sense of the equations. This argument an be generalized to Rii at spae-times.
• Taking a time derivative of TA and SA, ommuting derivatives and using the evolution equations yields after
some alulation the equations
∂TA − 13∂ABTB +mSA = −6m2τA, (18)
∂SA +
1
3∂ABS
B +mTA = −6m2σA. (19)
This shows that in the ase m 6= 0 the onstraints do not propagate unless the elds τA and σA vanish. Hene,
the elds χAA′B′ and φAA′B have to be restrited by the algebrai ondition of symmetry in the primed resp.
unprimed indies whih is formulated in terms of the Dira spinor valued 1-form ψd as γ
aψa = 0.
IV. CONSISTENCY CONDITIONS
The algebrai ondition emerging in the previous setion and the fat that there are onsisteny onditions in the
massless ase indiate that there are likely to exist suh onditions also in this ase. Our aim in this setion is to derive
these onditions for the elds whih our when we try to impose the system of equations upon them on an arbitrarily
urved manifold and for a given exterior eletromagneti eld. To this end we take further ovariant derivatives of
the equations, ommute them in order to introdue urvature terms and try to eliminate all seond order derivatives
of the elds. If this is possible we will end up with an algebrai relation between the elds, the urvature and the
exterior eletromagneti eld.
For later onveniene we introdue the notation
[∇AA′ ,∇BB′ ] = εABA′B′ + εA′B′AB, (20)
where, in ontrast to [5℄, the urvature derivations AB and A′B′ here also ontain the eletromagneti eld FAB .
We rst take a derivative of (7).
m∇CA
′
σA′BA = ∇CA
′∇B′(AτB)A′B
′ −∇CA
′∇A′(AτB)
= −εC(AA
′
B
′
τB)A′B′ +∇B′(A∇CA
′
τB)A′
B
′
+∇CA′∇A
′
(AτB)
= −εC(AA
′
B
′
τB)A′B′ +
1
2∇AB′
[
∇CA
′
τBA′
B
′
]
+ 12∇BB′
[
∇CA
′
τAA′
B
′
]
+ 12εC(AτB) +C(BτA)
Now we use (7) and (8) to obtain
m∇CA
′
σA′BA = −εC(AA
′
B
′
τB)A′B′ +
1
2εC(AτB) +C(BτA)
+ 12∇AB′
[
−∇B′ (CτB) −mσB
′
BC − 3εBC
(
mσB
′
+∇DB
′
τD
)]
+ 12∇BB′
[
−∇B′(CτA) −mσB
′
AC − 3εAC
(
mσB
′
+∇DB
′
τD
)]
= −εC(AA
′
B
′
τB)A′B′ +
1
2εC(AτB) +C(BτA)
− 14εA(CτB) − 12A(CτB) − 12m∇AB′σB
′
BC − 32εBC
(
m∇AB′σB
′
+∇B′A∇B
′
Dτ
D
)
− 14εB(CτA) − 12B(CτA) − 12m∇BB′σB
′
AC − 32εAC
(
m∇BB′σB
′
+∇BB′∇B
′
Dτ
D
)
.
Colleting appropriate terms we get
m∇CA
′
σA′BA +m∇B′(BσB
′
A)C − 3mεC(A∇B)B′σB
′
=
− εC(AA
′
B
′
τB)A′B′ +
3
4εC(AτB) − 12ABτC + 12C(AτB) + 32εC(A∇B)B′∇B
′
Dτ
D
= −εC(AA
′
B
′
τB)A′B′ +
3
4εC(AτB) − 12ABτC − 34εC(AτB) + 32εC(AB)DτD
= −εC(AA
′
B
′
τB)A′B′ − 2ABτC + 2C(AτB).
5Rewriting the left hand side yields
− mεC(B
(
∇B′DσB′A)D + 3∇A)B′σB
′
)
= −εC(AA
′
B
′
τB)A′B′ − 2ABτC + 2C(AτB).
Using (10) we get
6m2εC(BτA) = −εC(AA
′
B
′
τB)A′B′ − 2ABτC + 2C(AτB), (21)
whih is equivalent to its ontration
6m2τA = −A
′
B
′
τAA′B′ + 2ABτ
B, (22)
We ould also have taken a derivative of (8) and gone through the same proedure. Then we would have ended up
with exatly the same relation as above. Introduing now the expliit form of the urvature derivations we obtain the
onsisteny onditions
6m2τA = ΦA
BA
′
B
′
τBA′B′ − 6ΛτA + i eFA
′
B
′
τBA′B′ − 2i eFABτB . (23)
This relation ouples the values of the elds τA and τAA′B′ with the urvature and the extrinsi eletromagneti eld
if there should be one. A similar relation holds for the elds σA′ and σAA′B. It is not immediately obvious that suh
relations should exist beause this depends very muh on the detailed struture of the equation in question.
V. DISCUSSION
Let us now disuss the relation (22) for various speial ases. Suppose we are in Minkowski spae and suppose
that (710) hold. Sine all the ommutators vanish we neessarily reover the ondition
6m2τB = 0. (24)
Thus, either we have m2 = 0 or τB = 0. So if we insist on a massive eld then this eld annot have a omponent τB
and the spinor eld χBB′A′ must be symmetri in its last pair of indies. On the other hand, in the massless ase, we
may admit the part τB but it does not play a role. Instead it orresponds to the gauge freedom disussed in set. II.
Foussing now on a massive eld in a general spae-time with an eletromagneti eld we have τB = 0 and (23)
redues to
0 = ΦA
BA
′
B
′
τBA′B′ + i eF
A
′
B
′
τBA′B′ ,
whih has to hold for all values of the eld τBA′B′ . This is a severe algebrai restrition on the eld and/or the
eletromagneti and urvature elds. Looking bak at the evolution equations (12), (13) we see that these are
symmetri hyperboli evolution equations for the eld τBA′B′ whih will be uniquely determined given data on
an initial hypersurfae. These data are subjet to the onstraint (16). We have not heked the propagation of
the onstraints in the general ase but it is rather likely, that propagation of the onstraints is guaranteed by the
onsisteny onditions derived above.
Thus, if we insist on having the full freedom in speiation of initial data then the onsisteny ondition has to
hold for arbitray τBA′B′ and this then implies that
(i) the spae-time is an Einstein manifold, ΦABA′B′ ,
(ii) the eletromagneti eld vanishes, FAB = 0.
While the rst onsequene is familiar from the massless ase, the seond onsequene is new. It implies that it
is impossible to ouple a Rarita-Shwinger eld to an eletromagneti eld in a onsistent way. Thus, the aausal
propagation properties attributed to that system are not really there, beause the system annot be set up in a
onsistent way. This result is independent of the urvature of the spae-time i.e., even in a at bakground one annot
have an eletromagneti eld present.
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